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Abstract. We prove a graph theoretic closed formula for coefficients in the Tian-Yau-Zelditch 
asymptotic expansion of the Bergman kernel. The formula is expressed in terms of the characteristic 

j^Q 1 polynomial of the directed graphs representing Weyl invariants. The proof relies on a combinatorial 

i—^ interpretation of a recursive formula due to M. Englis and A. Loi. 
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1. Introduction 

Let M be a projective algebraic manifold in CP N , N > dime M — n. The hyperplane line bundle 
of CP N restricts to an ample line bundle L on M, which is called a polarization on M. A Kahler 
metric g is called a polarized metric, if the corresponding Kahler form represents the first Chern class 
ci(L) of L in H 2 (M,Zi). Given any polarized Kahler metric g, there is a Hermitian metric on L 
"trt ■ whose Ricci form is equal to 

w f = 9 ijdzi A dzj. 

»,i=i 

Let £ be a holomorphic vector bundle on M of rank r with a Hermitian metric hg. Then for 
any holomorphic sections Ui,U 2 G H°(M,£(m)) (£(m) := £ ® L m ), we have the pointwise metric 
(Ui(x),U 2 (x)} h£ ^ h ^ and tne L 2 -metric 

mi (!) (Ui,U 2 )= / ( Ul (x),U 2 (x)) h£mT ^-. 



I Let Si, ■ ■ . ,Sd be an orthonormal basis of H°(M,£ ® L" 1 ) in the L 2 -metric. The Bergman kernel 

is defined to be the following: 

(2) S m (x) := Sj(*))Sj(x) G End(£ <g> L m ). 

X : 

. Note that B m (x) is independent of the choice of orthonormal basis. In particular, when E = C, 

(3) S m (x) = X;i|Si(«)llh r 

.7=1 

The following asymptotic expansion was first proved by Zelditch [UJ and Catlin [3], motivated by 
the convergence of Bergman metrics started in the paper of Tian [35] (cf. also [31]) following a 
suggestion of Yau [40] . 

Theorem 1.1. (Zelditch, Catlin) With the notation above, there is an asymptotic expansion when 
m — > oo: 

(4) B m {x) ~ ao(x)m n + a 1 (x)m n ~ 1 + a 2 (a;)m™~ 2 H 

where a k {x) G End(£ <8> L m ). More precisely, 

k 

\\B m (x) - ^a^m^Ho < C k ^m n - k -\ 

3=0 

where Ck^ depends on k, ji and the manifold M. 

l 
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In the case of £ = C, Lu 23 computed a,k(x) for k < 3 by using the peak section method [35] 
and proved that each cik(x) is a polynomial of the curvature and its covariant derivatives. The above 
theorem and Lu's computation of ai(x) have played a crucial role in Donaldson's breakthrough work 
[13] . The theorem was generalized to symplectic manifolds for Boutet de Monvel-Guillemin's almost 
holomorphic sections by Shiffman and Zelditch [32], and Borthwick and Uribe [4]. Dai, Liu and Ma 
[T2] established the full off-diagonal expansion of the Bergman kernel on orbifolds and symplectic 
manifolds for the Spin c Dirac operator by using the heat kernel method. See also [33] [2H] ■ 

There are alternative derivations of these afc by Englis [T5J and Loi [35] using the Laplace integral, 
by Douglas and Klevtsov using path integral [14] when £ = C. For general £ , X. Wang b 37! computed 
cii for the first time; L. Wang [35] computed di,a 2 ; Ma and Marinescu [35J [371 12H] computed ai,a 2 in 
the symplectic case and presented a recursive method to compute coefficients of the expansion of more 
general Bergman kernels as well as the kernel of Toeplitz operators; Berman, Berndtsson and Sjostrand 
[2] gave a proof of Theorem II .11 by microlocal analysis and showed a recursive algorithm for computing 
higher order terms; Liu and Lu [21] gave a proof of Theorem 11.11 using the complex geometric method 
and uncovered new geometric information about the expansion. The excellent monograph by Ma and 
Marinescu [26] contains a comprehensive introduction to the asymptotic expansion of the Bergman 
kernel and its applications. 

In other contexts, the asymptotic expansion of the Bergman kernel also plays an important role 
in the Berezin quantization on Kahler manifolds [3j. We will discuss the Berezin transform briefly 
in Section [3] It was applied to define the Berezin ^-product on Kahler manifolds. Reshetikhin and 
Takhtajan 30 obtained a formula of the Berezin ^-product in terms of partition functions of Feynman 
graphs. More explicit graph-theoretic formulae of the Berezin and Berezin- Toeplitz ^-products were 
obtained in [381 135] . We remark that Kontsevich's celebrated formula [20] for a ^-product on Poisson 
manifolds was also written as a summation over graphs. 

In order to state the main results in this paper, we assume £ = C and introduce some terminologies 
in graph theory. 

A digraph (directed graph) G = (V, E) is defined to be a finite set V (whose elements are called 
vertices) and a multiset E of ordered pairs of vertices, called directed edges. Throughout the paper, 
we allow a digraph to have loops and multi-edges. The adjacency matrix A = A(G) of a digraph G 
with n vertices is a square matrix of order n whose entry Aij is the number of directed edges from 
vertex i to vertex j. The outdegree deg + (t>) and indgree deg - (i>) of a vertex v are defined to be the 
number of outward and inward edges at v respectively. 

A digraph G is called connected if the underlying undirected graph is connected, and strongly 
connected if there is a directed path from each vertex in G to every other vertex. 

We call a directed graph G — (V, E) stable if at each vertex v both the outdegree and indegree 
are no less than 2. The set of stable graphs will be denoted by Q. The weight of G is defined to be 
\E\ — |V|. We will define a natural function z(G) on Q such that the coefficients dfe can be written as 
a sum over Q(k), the set of stable graphs of weight k (see Section [5] for details) 



So we may regard z as a map from the set Q of all stable graphs to Q, from which we can easily recover 
the curvature-tensor expression of these a^'s (see Example 16.111 where a\ and a 2 are computed, and 
Appendix lAl where 0,3 is computed). 

The main result of this paper is the following theorem. 

Theorem 1.2. Let G = (V, E) G Q be a stable graph with the adjacency matrix A. 

i) If G is a disjoint union of connected subgraphs G = G\ U • • • U G n , then we have 



(5) 




n 



(0) 



z 



(G) = l[z(G ] )/\Sym(G 1 ,...,G n )\, 



where Sym(G\, . . . , G n ) denote the permutation group of these n connected subgraphs. 
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ii) If G is connected but not strongly connected, then 

(7) z{G) = 0. 
iii) If G is strongly connected, then 

(8) z(G)- dGt{A - I] 
(8) Z[G) |Aut(G)| ' 

where I is the identity matrix. 

We computed z(G) for G E G{k), k < 4 using Loi's recursive formula (|4"7} . They match with values 
computed by the above theorem (see the appendix). 

As pointed out by the referee, it would be interesting to see the implication of the above theorem 
on the relation between the Bergman kernel on Kahler manifolds and the path integral (cf. [33]). We 
hope our work will find application in Fefferman's program of studying the Bergman kernel of a strong 
pseudoconvex domain as an analogy of the heat kernel of Riemannian manifolds (cf. p~l [15 ^ fTT| fl8l [38] ). 

We also obtained some interesting combinatorial identities, for example we proved the following 
formula for Bernoulli numbers Bk in corollary 17.71 



(9) B k = (-l) k k Ta^(G)\ - e{G) R (deS+iv) - 1)U fc " 1 ' 

GeG(k) ' U ^ " v£V 

where e(G) is the number of Euler tours in G. Note that in the right-hand side, e(G) — unless G 
is connected and balanced, and hence strongly connected. A digraph is called balanced if deg + (u) = 
deg~(v) for each vertex v. 

Acknowledgements The author is grateful to Professor Kefeng Liu for his kind help over many years. 
The author benefited a lot from Professor Shing-Tung Yau's seminars. The author thanks Professor 
Xiaonan Ma for helpful comments. The author thanks the referee for very helpful suggestions which 
greatly improved the presentation of the paper. 



2. Tensor calculus on Kahler manifolds 
Let (M, g) be a Kahler manifold of dimension n. Locally the Kahler form is given by 



2tt 



9{jdZi A dz-j 



We will use the Einstein summation convention. The indices i, j, k, . . . run from 1 to n, while Greek 
indices a, /3, 7 may represent either i or i. Let det g be the determinant of the Hermitian matrix (g^) 
and (g l -i) be the inverse of the matrix (<?y). We also use the notation 

(10) 9jka 1 a 2 ---a m := ^t>l a 2 . . .a m 9 jk ■ 

The curvature tensor is defined as 

(11) Rfjkl = ~9ijkl + 9 mP 9mjl9ipk- 

The Ricci tensor is 

(12) R q = g kl R m = log(det g) 
and the scalar curvature is the trace of the Ricci curvature 

(13) /' ;/"/.',, 

The covariant derivative of a tensor field T^'"p p is defined by 

q p 

rpct\...a p a rpOii---otp v -pS rpO-\...cy. v x ■> -pQj rpCti ...aj-\Saj + i ...a p 

( - i4 -' i ft...^i 7 -¥ft...?, ~ Z^ i 7/3 I J /3i...ft_i<5/3i+i.../3 <I + 2-^ L S 1 1 l3 1 ...l3 q ' 

i=l j=l 
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where the Christoffel symbols = except for 

(15) 1> <l'«in, Vl- k =g a g m . 

Lemma 2.1. For tensors in Kdhler geometry, we have the following identities: 
The Kdhler metric g satisify 

The derivative of g rnl satisfy 

d a g ml = -g pl g mq g pqa . 

The derivative of det g satisfy 



(16) 

ii 

(17) 

iii 

(18) 

iv 

(19) 

v 

(20) 

vi 



d a det g = det g ■ g ml g m f a . 



The curvature tensor satisfy the first Bianchi identity 

D_ p _ _ p _ _ 

^ijkl ^ilkj ^kjil' 

The covariant derivatives of the curvature tensor satisfy the second Bianchi identity 



p _ _ T> _ _ p _ _ p _ _ p p_ 

^ijkl\ra ^rajklyi ^ijml\k^ ^ijkl\p ^ipkl;j ^ijkp\l' 



The Ricci formula gives the difference when we interchange two covariant derivative indices 

q p 

( C\ "I \ rpOL\...Ol v _ mttl...Q p _V^D7 l7lOl-«p _\^f? Q i rpfX\—<*\ 



nOi...ai_i7ai + i...a p 

fc=l Z=l 



where Rfa = -g mk R mll -, R? fj = g k ™R mi3 and R^ = R* f . = 0. 
Recall that around each point x on a Kahlcr manifold, there exists a normal coordinate such that 

( 22 ) 9i]{ x ) = Sij, 9ijki...kr( x ) = 9i]T 1 ...T r ( x ) = 
for all r < N £ N, where N can be chosen arbitrary large. 

Remark 2.2. Fix a normal coordinate around x on a Kahler manifold. By (fTTj) and (|14p . it is not 
difficult to see inductively that any covariant derivative Ri]ki- ai ...a r IS canonically equal to a polynomial 
°f 9aba an d their partial derivatives. By (f!Z2"j). any monomial containing <7-yfc 1 ...fc l . or 9ijT 1 ...T r vanishes 
at x. For example 

Rfjki{ x ) ~ ~9i]ki( x )i 

Rijkl;pq( X ) — ~9i]klpq( X ) + 9 St (9pjsl9iqki + 9kjsl9pqit + 9i]sl9kqpi)( X ) > 
RijkT;p 1 ...p r { x ) = ~9i]kTp 1 ...p r ( x )i Vr > 1, 

RijkT;p 1 ...p r { x ) = ~9ijkTp 1 ...p T ( x )i Vr > 1. 
Note that these identities hold only at the point x. However they can easily recover the original 
identities (hold in a neighborhood of x), since from (fTTj) and (fl4)) . we see that 9QklB x B r can be 
inductively expressed as a canonical polynomial of covariant derivatives of curvature tensors, denoted 
by D (9 l ]kT/3 1 ...p r )- For example 

D{gcjki) = — ^ijfcfi 

D{9ijklpq) ^ijkl;pq 9 {-^pj sl-^iqki ~l~ ^kj sl^pqii Rfj sl^kqpt) ■ 

In general, we can inductively get 

(23) D(g i j k ip i p r ) = —Rfjki;p 1 ...p r + covariant derivatives of lower order. 

In Section^ this observation will allow us to store Weyl invariants as polynomials of g a i c( i and their 
derivatives. The advantage is that we do not need to deal with the problem of exchanging indices as 
in the Ricci formula (1211). 
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Figure 1 . The atomic admissible tree and a trivial admissible tree 

We will now define the concept of an admissible tree, which is a directed tree with half-edges. We 
call the two trees in Figure [T] primitive admissible trees. 

We can define three types of actions by an outward half-edge i or an inward half-edge i on a directed 
tree with half-edges. Let us take the left-hand primitive admissible tree as an example: 

(1) The action on a vertex v is to add the half edge to the vertex (see Figure [5]). 





Figure 2 . Action on a vertex v 

(2) The action on a half-edge with the same direction (i.e. i can only act on outward half-edges 
and i only act on inward half-edges) is to put them together on a new vertex (see Figure 13]) ■ 




Figure 3. Action on a half-edge 

(3) The action on an edge e is to generate a new vertex to split e and add the half-edge to the 
new vertex (see Figure 2]). 

x t< y x y 

o s- o >■ v or o >- o s- v 

x x x f x 

Figure 4. Action on an edge e 

For any two trees T\ and Tg, we can join them by gluing an outward half-edge of T% to an inward 
half-edge of , or vice versa. 

Definition 2.3. An admissible tree (with half-edges) is defined to be the join of finite number of trees 
which can be obtained by a finite number of the above three actions on the primitive admissible trees 
in Figure [TJ For an admissible tree, we usually label its outward half-edges and inward half-edges with 
distinct indices {i, j,k, . . . } and {I, rh,p, . . . } respectively. 

An admissible tree is called decomposable if we can cut an edge to get two admissible trees (see 
Figure [5]). Otherwise, it is called indecomposable. 
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Figure 5. Decomposition by cutting an edge e 



Definition 2.4. For any g 



as in remark [2.2l there exists a canonical polynomial of covariant 



that coincides with g^ 



ijkipi...p r > 

derivatives of curvature tensor, denoted by D(g i j k Tp 1 ...p r ) 
of the normal coordinate. By (jTTJ) and (|14l) . D(g i j k i l3i 
polynomial of g a fr yi ... 7t with t > 1. 

For example, 

D\9ijkT) = SijkT 

Obviously, the above identity can be expressed in terms of admissible trees 



iikip-L.-.p, 



at the center 



may be written as a unique universal 



9 mp 9mji9ikp- 



(24) 



D 



l k 



\ 



I 



The map D can be naturally extended to be denned on any admissible tree with both indegree and 
outdegree > 2 at each vertex. We simply apply D to each vertex while keeping index pairings and 
expanding linearly. 

Let Tmipti, . . . , a r ) denote the set of all indecomposable admissible trees with m vertices and r half 
edges labeled by the set of indices {a±, . . . ,a r }. 



Lemma 2.5. We have 



(25) 



D{g fi 



r+2 

E E 

m=l TeT m (i,j,k,l,t 



(-1) 



rn+1 



T. 



Proof. (Sketch) We first note that equation (fTTj) corresponds to the action on edges in Figure @] and 
the multiplication by T in equation (|14p corresponds to the action on half-edges in Figure [3l 
By (fTTj). we have 

(26) Rijki/3 1 ...f3 r = ~9ijkl0x—0r \9 mv 

The left-hand side is a derivative of R 
a sum over all decomposable admissible trees with the set of indices {i, j ,k,l, Pi, . . . , /3 r } such that 
no irreducible component of the tree can contain indices from both of the two sets {i, k} and {j, I}. 
We can apply ([13)1 inductively to see that all trees from RfjkTp 1 ,„p r are admissible and get the desired 
equation (|25p. □ 



9ijhiPi...p r + W" r '9m,]l9ikp)Pi...Pr 
ijki- B y induction, we can see that £»((ff mp 5 m jr5ifcp)/3i.../3j is 



3. The local Bergman kernel and the Berezin transform 

In this section, we consider only the case that £ = C. So the Bergman kernel B m (x) is a scalar 
function on M. 

Now we introduce the local Bergman kernel following [IS] . Let fi be a bounded domain in C n and 
$ be a Kahler potential for a Kahler metric g on fi satisfying 




To simplify, we may assume f2 is equipped with a normal coordinate. 
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Let &(x,y) be an almost analytic extension to a neighborhood of the diagonal, i.e. d x <& and d y $ 
vanish to infinite order for x = y (cf. [6]). We can assume $(a;, y) = $(y, x). Consider the real valued 
function 

D(x, y) = x) + <f>(y, y) - $(x, y) - $(y, x), 
which is called the Calabi diastatic function |S]. It is easily seen that the function D(x,y) > and 
D(x, y) = if and only x = y. 

We need the following important result of Englis [15] . 

Theorem 3.1. (Englis) There is an asymptotic expansion for the Laplace integral 

where Rj : C°°(Cl) — > C°°(f2) are explicit differential operators defined by 

(27) R jf (x) = ^g^T^T^C/det^-i)!^, 

where L is the (constant-coefficient) differential operator 

Lf(y)=g^(x)d l d ] f(y) 

and the function S(x, y) satisfies 

S = d a S = d a pS = d ili2 ... lm S = %j 2 ...i m 5 = at y = x, 

In particular, we have 

Rq = id 

R 1 (f) = Af~y P . 

R 2 (f) = ±A 2 / - \L Rlc f - f A/ - \{ Pl U + p-f.-) 
-(lAp-Ip 2 -I|ffic| 2 + i|i?| 2 )/. 

Here Lm c f = Rjjf.^, \Ric\ 2 = R^Rjj, \R\ 2 = Rq^iRfuk- Note that our convention of curvatures 
Rijki, Ri] , p all differ by a minus sign with that of |15j . 

We need the following extension of Tian-Yau-Zelditch asymptotic expansion [9l [TBI [19] . 

Theorem 3.2. Let M be a compact complex manifold endowed with a polarized Kahler metric g. Let 
B m (x,y) denote an almost analytic extension of B m (x) to an open neighborhood, say U xU of the 
diagonal. Then, for U sufficiently small, B m (x,y) admits an asymptotic expansion (as m —> +oo) of 
the form: 

B m (x,y) ~ y^aj(x, y)m n ~ J . 

For a > 0, consider the weighted Bergman space of all holomorphic function on f2 square-integrable 
with respect to the measure e _Q *^f . 

We denote by K a (x,y) the reproducing kernel. As pointed out by Englis [IS] , it is often the case 
that the following holds, (e.g. if (i7, g,^) is a bounded symmetric with the invariant metric or whenever 
f2 is strongly pseudoconvex with real analytic boundary.) 

(1) K a (x, y) has an asymptotic expansion in a small neighborhood of the diagonal 

oo 

(28) K a (x, y) ~ e a *'^» ]T b k (x, y)a n - k . 

(2) For any neighborhood U of a point x € Q and a bounded measurable function /, 

(29) / f(y)^^e-^^=o(a-% V*>1. 
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Denote bj c (x,x) by b k (x). 
Theorem 3.3. For any k > 0, we have ak(x) = bk(x). 

This theorem means that the global Bergman kernel can be approximated by the local Bergman 
kernel. An analytic proof of this theorem can be found in [2 . Here we present a simple proof which 
is implicit in [2"2"] . 

The Berezin transform is the integral operator 

(30) I a f(x) = / /(y )l^i!e— W^. 

At any point for which K a (x, x) invertible, the integral converges for each bounded measurable func- 
tion / on Q. 

Assume that (|28|) and (|29|) hold, then the Berezin transform has an asymptotic expansion (see [15] ) 

oo 

(31) I a f(x) = J2Qkf(x)<*- k , 

k=0 

where Qk are differential operators. 

We have that for (x,y) near the diagonal, 

(32) \K*(x,y)\ 2 e _ aMy) = e _ aD(x , y) g y)a n-k^ 

K a [x,x) k=Q 

where bo — 1, bi(x, y) = bi(x, y) + bi{y, x) — bi(x, x), etc. 

Fix a bounded neighborhood U of x such that ([32]) holds. Applying Theorem 13. 11 we get 

k 

(33) Qkf(x) = Y,R j (b k - j (x,y)f(y))\ y=9 , 

where the operators Rj apply to the y-variablc. 

Since Qkf — when k > and / is analytic or anti-analytic, setting / = 1 in (|33|) . we get 

fc 

(34) b k {x) = -J2 R Ah-j{x,y))\y=x, k>l. 

The following result from quantization of Kahler manifolds can be found in [3 [22] . 
Theorem 3.4. In the same hypothesis of Theorem \3.'A we have a globally defined function on M. 

e- mD ^\B m {x,y)\ 2 

Vm{x,y) = . . , . . 

B m {x)B m (y) 

Then 

r w n (y) 

(35) / ip m (x,y)B m (y)^f± = l 

Moreover, for any neighborhood U of x G M and every smooth function f on M. 

1 p m (x,y)B m (y)'^^ = o(m- fc ), Vfc>l. 

IM\U n - 

From ([33]) and Theorem 13. 1[ we get 

k 

^Rj(ak-j(x,y))\ y=x = 0, 

3=0 

where d = l,a 1 (x,y) = a\{x,y) + a\{y,x) — ai(x), etc. Note that this is exactly the same recursive 
equation as (1341) . Since cto(x) = bo(x) = 1, we must have a k {x) = b k (x) for all k > 0. So we conclude 
the proof of Theorem [ 
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4. The Bergman kernel of vector bundles 

Let h(x) be a Hermitian metric on ft x C. For a > 0, consider the weighted Bergman space of all 
holomorphic function / : fl — > C r square-integrable with respect to the norm 

(36) ||/|| 2 = / (f,f) h e- a *^-. 



£2 



n 



Now the Bergman kernel K a (x,y) takes value in matrices. The results in the last section could be 
extended without difficulty to the matrix case. 

By the property of reproducing kernels, we have for v € C, 

(37) (K a (x,x)f(x),v) = [ (K a (x,y)f(y),K a (x,y)v)e- a ^g(y)dy. 

J a 

We take fix) to be a constant function and take the inner product to be the Hermitian metric h a s. 
Let H = h' 3 a e T{End{£)) and apply Theorem O to (J37]), we get 

(38) a k (x) = ^ Ri(ai(x,y)aj(y,x)H)\ y=x . 

e+i+j=k 

Remark 4.1. The connection of Englis' work and the asymptotic expansion of Tian-Yau-Zelditch 
was studied by Loi 22 , who obtained the formula (f3"5f when £ = C using Theorem 13.41 

From the curvature equation 

Q{jH = — H^j + diHdjH, 

we have 

(39) = - Add A 6 + AG A 6 + (-),,(-)„. 
Since Rq is the identity operator, we have 

(40) a k (x) = -R k {H) - ^2 a l (x)a J (x)H - ^ Ri{ai{x,y)a {y,x)H)\ y = x . 

i+j=k £+i+j=k 
i,j>l l<£<k-l 

Then it is not difficult to compute the first few terms 

(41) ai {x) = -AH+ ~H = |/ + A6. 

Note that in the second equation, we used H(0) = I. 
For k = 2, we need a little more work. 

a2{x) = -R2(H) - a^x^H - Rx(a x {x,y)H)\ v=x - Ri(a x {y,x)H)\ v=x . 

We compute terms in the right-hand side one by one. By formula (|39[) . we have 

R 2 {H) =\aAH \R q H fl - P -AE - (^Ap - \p 2 - \^c\ 2 + ^\R\ 2 )H 



1 A d B A e + + I a e A 6) + ^ //,,(-)„ + p - 



^ A p--p 2 --\Rtc\ 2 + —\R\ 2 )I. 
y 3 H W 6 1 1 24 1 1 ' 



Substituting a\[x) computed in (|4"TT) . we have 

ai (x) 2 H = i 
From almost-analyticity of a\{x,y), we get 



o 2 

aAx) 2 H= — J + pAG + AeAG. 

\ i 4 



Ri{ai(x,y)H)\ y=x = A(ai(x,y)H)\ y=x - -ax{x)H 
= a 1 (x)AH - ^ai(x) 
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2 

= -^a9-a9a9-^-/-^a9 

2 4 2 

p 2 

= ~I-A&A®-pA®. 
4 

Similarly, Ri{ax(y, x)H)\ y=x = -^1 - A9 A 6 - pA 9. 

Summing up the above computation, we arrive at the desired value of a 2 {x) 

l,.~«o P . ~ 1~ ~ 1 

2 



(42) 02(a) =-A A 9 + -(A9) 2 + £ A 9 - -B.,B,, - 



(iAp+i^-ilfficp + ^li?! 2 )/, 



where A A 9 = AddA 9. 



Definition 4.2. (Lu [53]) Let P be a d-th order covariant derivative of Rfj k i, Rq, p, 9, A9. Define the 
weight and the order of P to be the numbers w(P) = (1 + |) and ord(P) = | respectively. The weight 
and order functions can be extended additively to monomials of curvatures and their derivatives. 

For example, 

3 5 

H R ijkl) = h w (Ri],k) = ;p w ( R ij,kRijkl) = 2' 

ord(% fer ) = 0, oid( Pi R m ) = -, ord(A A 9) = 1. 
In the following, the word "leading term" will mean the sum of terms with the highest order. 
Lemma 4.3. The leading term in a k is r^jy, A k ~ 1 pi + jjA k ~ 1 A 9. 
Proof. Let u k denote the coefficient of A fe_1 p in Pfc(l). Then from (|2T|) . 

here we take normal coordinate system around point x — on the Kahler manifold M. It is not 
difficult to see that the only terms that may contribute to A k ~ 1 p must have i = koii = k + l. So 
we have 

11 k 

Uk ~~y. + {k + 1)\ ~ ~(fc+i)!' 

From ([4"0jl . we see that the coefficient of A k ~ 1 p in a k equals — w& = 



(fe+l)!- 

Similarly, we can prove that the coefficient of A k ~ 1 A 9 in at equals rr- D 



Remark 4.4. Lemma 14.3 1 was obtained by Liu and Lu |21j using peak section method, improving the 
£ = C case proved in |24) . 

Let M = Mi x M 2 a product of two projective manifolds equipped with the product Kahler metric 
and the twisted bundles £^(m) M£^ 2 \m). Denote the Bergman kernel of M by B^f \ The following 
fact is well-known. 

Lemma 4.5. We have B ( ^\x ll x 2 ) = B<£ h) (x^B^ (x 2 ). 

Proof. We just need to note that if (si, • • ■ , s^, ■ ■ • ) and (ti, ■ ■ ■ ,tj, ■ ■ • ) are orthonormal basis of 
£^(m) and £^ 2 \m) respectively, then (si*i, • • • , Sitj, • • • ) is an orthonormal basis of £^ {m)M£^ {m) . 

□ 

Consider the semigroup N°° of sequences d = [d\, ds, . ■ ■ ) where di are nonnegative integers and 
d{ = for sufficiently large i. We sometimes also use (l dl 2 d2 ...) to denote d. We will use the 
following notation: 

(43) |d| ||d|| d! = c • d 

i>l i>l i>l i>l 
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Proposition 4.6. Let c, d, e g N 00 and |c| + d • e + ||e|| = k. Letu(c,d,e) denote the coefficient of 
the weight k monomial {where dj 7^ dj+i,Vj > 1) 

i>i j>i 

in ak . Then we have 

Proof. By Lemma 14.31 and Lemma 14.51 we have the following relations: 

i 

c t ■ u(c, d, e) = — — — u(c - Si, d, e), 

(i+iy. 



ej ■ u(c, d, e) = — — m(c, d, e — Sj), 



1 

where Si <G N°° denotes the sequence with 1 at the i-th place and zeros elsewhere. 

From ti(0, 0, 0) = 1, we can recursively prove the desired formula (j44"l) of u(c, d, e). □ 



5. WEYL INVARIANTS AND GRAPHS 

In the rest of the paper, we will restrict to the case £ = C, namely 9 = 0. 

The afc 's in Q are the so-called Weyl invariants introduced by Fefferman [17] . Consider the tensor 
products of covariant derivatives of the curvature tensor Rfjki- P ...q, e.g. 

Rijkl-pq ® " ' ' ® R a bcd;e- 

The Weyl invariants are constructed by first pairing up the unbarred indices to barred indices and 
then contracting all paired indices. 

For the sake of brevity, Weyl invariants such as 

„iih i2?2 a i 3 j3 „uj4 a i 5 J5 ft. . // 

will be abbreviated as 

f45) W := R - ■ -■ ■ 1 R- ~ ■ ~ 

knowing that (ik, ife), 1 < k < 5 are paired indices to be contracted. 

It is useful to represent Weyl invariants as digraphs (also called quivers), namely directed graphs 
possibly with loops and multi-edges. We put curvature tensors as nodes and draw a directed edge from 
ik to ik for each k. For example, the associated graph of the above Weyl invariant (|45|) is depicted in 
Figure [6] 




Figure 6. The associated graph of W 

In this paper, we represent a multidigraph as a weighted digraph. The weight of a directed edge is 
the number of multi-edges. The number attached to a vertex denotes the number of its self-loops. A 
vertex without loops will be denoted by a small circle. The indegree and outdegree of a vertex v are 
denoted by deg _ (u) and dcg + (w) respectively. 

By Ricci formula, we cannot recover a Weyl invariant from its associated graph, namely different 
Weyl invariants may have the same associated graph. As mentioned in Remark 12.21 a remedy for 
the discrepancy is to express the Weyl invariant in terms of derivatives of the Kahler metric. No 
information will be lost and the uniqueness of the associated graph is guaranteed by (fT6|) . 
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Definition 5.1. We call a vertex v of a digraph G semistable if we have 

deg~(t;) > 1, deg + (w) > 1, deg~(u) +deg + (w) > 3. 

G is called semistable if each vertex of G is semistable. We call v stable if deg~(v) > 2, deg + (i>) > 2. 
A digraph G is stable if each vertex of G is stable. 

Let G r ,s denote the set of stable digraphs with r vertices and s edges. The set of semistable and 
stable graphs will be denoted by G ss and Q respectively. The associated graph of a Weyl invariant 
lies in Q. For any G G Gr.s, its weight w(G) is defined to be s — r. We denote by G ss (k) and 
G{k) respectively the set of semistable and stable digraphs with weight k. Let Gcon(k) and Gsconik) 
respectively be the set of connected and strongly connected graphs in G{k). We also define a special 
set of graphs: 

A(fc) = {G G Gscon(k) | 1 is not an eigenvalue of A(G)}. 

This set is of interest in view of Corollarv l6.8l We have computed the cardinalities of these sets when 
k < 5 in Table [TJ 



Table 1 . Numbers of stable graphs 



k 


1 


2 


3 


4 


5 


\G(k)\ 


1 


4 


15 


82 


589 


\Gcon{k)\ 


1 


3 


11 


61 


474 


\Gscon(k)\ 


1 


3 


10 


51 


373 


|A(fe)| 


1 


3 


9 


45 


316 



It is not difficult to see that G(k) = ^j—iQj,j+k for any k > 1. 

Remark 5.2. It shall be interesting to find formulae, closed or recursive, for the number of graphs 
in the above sets. 

We can write the coefficient ak as a polynomial of gi]8 1 ...B r j r > 1: an d consequently as a sum over 
graphs in G ss (k), 

(46) a k (x)= J2 Z ( G )' G > z (G)eQ- 

Gee ss (fc) 

So we may regard z as a map from G ss to Q. By Remark 12.21 and Lemma T2.51 it is enough to know 
only those z{G) of stable graphs G € G- 

Remark 5.3. For convenience, we assume that the empty graph is the unique element in G(0) and 
z(0) = 1. This is consistent with ao = 1. 

First we recall Loi's recursion formula [35] 

(47) cife(x) = -.Rfc(l) - ^ ai(x)aj(x)- ^ R t(ai(x,y)aj(y,x))\ y=x . 

i + j = k £ + i + j = k 

i,j>l l<t<k-l 

It was pointed out to the author recently that essentially the same identity was also obtained inde- 
pendently in [lOj . 

Remark 5.4. Here we outline the strategy of our proof of the closed formulae for z(G) in Theorem ll.21 
We will give a graph-theoretic interpretation of Loi's formula in Proposition 15. 71 the key ingredient is 
the graphical formulae for derivatives of det g proved in Lemma 15.51 Then we extract the coefficient 
z(G) for any given graph G in Lemma 15.81 which will be used to prove z(G) = for any connected 
but not strongly connected graph G in Proposition 16.21 By specializing Lemma 15.81 to a strongly 
connected graph G, we prove in Lemma 15.91 that z(G) can be written as a summation over equivalent 
classes of linear subgraphs of G, which implies the explicit closed formula in Proposition 16.71 through 
a classical result in spectral graph theory: the Coefficient Theorem. 
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Next we introduce some notation. Let ££ be the set of digraphs consisting of a finite number of 
vertex-disjoint simple cycles (i.e. simple polygons without common vertex). The length of a simple 
cycle is defined to be the number of its edges. For each graph L G j£f, we can write L as a finite 
increasing sequence of nonnegative integers . . . , i m ], meaning L consists of m disjoint simple cycles, 
whose lengths are specified by it, . . . , i m . We define the index of L to be 

(48) i(L) =m + it-\ M ro . 

Note that [0] is just a single vertex and [1] is a vertex with a self-loop. If ^ L, then L is usually called 
a linear digraph. Recall that a linear directed graph is a digraph in which deg + (v) — deg _ (i>) = 1 for 
each vertex v. 

Given a set of indices a\, . . . , a r , denote by ££ (at, . . . , a r ) the isomorphism classes of all possible 
decorations of the vertices of L € if with the half-edges ai,...,a r requiring each vertex to be 
semistable. Two decorations of L that differ by a graph isomorphism are considered the same. 

The following crucial lemma explains the graphical properties of the partial derivatives of det g. 

We have 



Lemma 5.5 

(49) 



det g 



. d ar det g 



E 

0£L 



(-1) 



i(L) 



Proof. By (fT?) and (JISJ), we have 



detg 



d a det g = g fja = < 



detg 



dpd a det g — g iia gjjp — gij a 9ji@ + 9jj a p 



n o 



o 




So equation (|4^| follows by an easy induction. 



□ 



Definition 5.6. Let L G J5f, G 1: G 2 € 5 SS . We denote by &(L,Gi,G 2 ) the set of all different ways 
to add a finite number of directed edges to the disjoint union of three graphs L, G\, G2 satisfying that 

i) No head of these new edges is connected to vertices of G\ and no tail of these new edges is 
connected to vertices of Gi. Such G\ and G2 are called source and sink respectively. 

ii) These new edges may act on edges of G\ and Gi as illustrated in Figure |U 

iii) The final resulting digraph is semistable. 

For Z G ^(L,Gi,G2), we denote by [Z] the resulted graph. Two configurations [Zi\,[Z2\ G 
£f(L, G\, G2) are considered equal if there is an automorphism between [Z\\ and [Z2] leaving L invari- 
ant and keeping G\ and G2 fixed. 

Given k > 1, we also define a function 



(50) 



F k (L,Gt,G 2 ) 



E 



|Aut(Z)| 



where A\it{Z) is the subgroup of the group of automorphism of [Z] leaving L invariant and keeping 
G\ and G2 fixed. We may extend as a bilinear function in the second and third parameters. 



Proposition 5.7. 

(51) 



Given k > 1, we have 



a k {x) 



E 



z(G 1 )z(G 2 )F k (L,G 1 ,G 2 ). 



L^se, Gi,g 2 gs ss 

w(Gi)<fc, ui(G 2 )<k 



Note that we allow L,G\,G2 to be empty. 
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Proof. In fact, (j5"Tj) is just a graph-theoretic interpretation of Loi's formula (|47p 
(52) a,k(x) = - ^ R e( a i( x iy) a j(y> x ))\y=*- 

l + i+j = k 
i<k, j<k 

We need to take a close look at the operators Rj defined in (|27p. Note that the function S in (|27|l 
plays the role of an isolated vertex [0] G «5f , the cycle with length zero. The linear subgraphs are 
contributed by derivatives of det g as described in Lemma 15.51 Moreover, G\ and G2 respectively 
represent a,j(y,x) and a,i{x,y) in the right-hand side of (|52|) . The factorials in the denominator of 
([27l) account for the removal of labels of the added edges and isolated vertices in each configuration. 
With each term of (f2"T)l thus interpreted, (f5"Tj) follows readily from ([5"2"j) . □ 



If [Z] = G, we call Z a G-configuration (abbr. G-config). For a given digraph G, to specify a 
G-configuration is equivalent to specify three vertex-disjoint subgraphs L, G\, G2, where L is a linear 
directed subgraph of G without isolated vertex and Gi, G2 € <7 SS are respectively a source and a sink. 
Note that the union of L,G±,G2 may not contain all vertices of G. Let C be the set of all linear 
directed subgraphs L of G. We may simply write Z = (L, G\, G2) € G-config and define a function 

(_l)i(Z)+l 

< 53 > F <^> = -jskw- 

where i{Z) is the index of Z defined by 

(54) i(Z)=v[L)+p(L) + x(Z). 

Here v(L) is the number of vertices in L, p(L) is the number of components in L and x(Z) is the 
number of vertices of G not belong to L, Gi, G2. 

Lemma 5.8. For any G <E Q ss , we have 

(55) z(G)= <G 1 )z(G 2 )F G (Z), 

Z(EG-config 

where Z = {L,G\,G2) runs over all isomorphism classes of G- configurations. 

Proof. It follows from Proposition 15.71 □ 



Now we treat the case that G £ G ss (k) is strongly connected. In the right-hand side of (14"T1) , the 
graphs from the second term are not connected. The graphs from the last term are not strongly con- 
nected, since it contains either a source or a sink. We see that only the first term — i?fe(l) contributes 
to z(G) and all G-configurations are of the form (L, 0,0). It is not difficult to see that the automor- 
phism group of the G-configuration (L, 0, 0), denoted by AutG(^), is the subgroup of Aut(G) leaving 
L invariant. Two G-configurations (-Li ,0,0) and (£2,0,0) are equivalent if and only if L\ = h(L,2) 
for some h £ Aut(G). This defines an equivalence relation ~ on C. So Lemma T5.8I specializes to the 
following formula for strongly connected graphs. 

Lemma 5.9. For any strongly connected graph G £ Q ss , we have 

<56) m ~Si~ ' 



where L runs over the equivalence classes of linear subgraphs of G and p(L) is the number of compo- 
nents in L. 
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6. Proof of Theorem 11.21 

Proposition 6.1. // G G Q ss is not connected and we write G as a disjoint union of connected 
subgraphs G = G\ U • • • U G m , then we have 

m 

(57) z(G) = J] z{Gj)l\Sym{Gx, G m )\, 

3 = 1 

where Sym(Gx, . . . , G m ) denote the permutation group of these m connected subgraphs. 

Proof. It follows from Lemma \A. 5 1 □ 

By the above proposition, we may restrict to compute z{G) for connected G. For a digraph 
G = (V,E), we can partition V into strongly connected components, namely the maximal strongly 
connected subgraphs of G. Among these strongly connected components, we have at least one sink (a 
component without outgoing edges) and one source (a component without incoming edges). 

Proposition 6.2. Given a stable graph G € Q which is connected but not strongly connected, then we 
have z(G) = 0. 

Proof. By definition, any sink or source of a stable graph G must be at least semistable. Without 
loss of generality, we may assume that C £ Q ss is a sink of G. We have a nonempty subgraph G' of 
G containing all vertices not in C, such that there are k arrows e\, . . . , e% from G' to G, as depicted 
in Figure [71 




Figure 7. Decomposition of G into a sink C and G' 



In this case, any G-conhguration is a union of Z 1 = (V , G[, G' 2 ) € G'-config and Z" = (L" , 0, 0) g 
G-config. Since G is stable, we can rule out Case (ii) of Definition 15.61 

Let Aut/(G) be the subgroup of Aut(G) fixing all edges ex,..., e^. Let Aut/(G) and Aut/(Z") be 
respectively the subgroups of Aut(G) and Axxt{Z") fixing the heads of the arrows e^, 1 < i < k. We 
define Auty(Z') to be the subgroup of Aut(Z') fixing the tails of the arrows e^, 1 < i < k. 

Given a G'-configuration Z' = (L^G'^G^) and a G-configuration Z" — (i",0,0), we define the 
following set 



(58) 



S(Z' ,Z") — "I isomorphism classes in G-config of the form Z']^Jp(Z"), p e a t ^(G) j* 



where p{Z") = (p(i"),0,0) € G-config and Z'\[p{Z") = {L'\[p{L"), G[, G' 2 ). 

First we assume that all automorphisms of G fix these ei, 1 < i < k, namely Aut(G) = Aut/(G). 
By our assumption, for Z = Z']\p{Z") G S{Z',Z") we have Aut(Z) = Aut / (Z')Aut / (p(Z")) 

It is enough to show that for any fixed G'-configuration Z' — (L', G[, G' 2 ), the contribution to z(G) 
from the G-configurations {L 1 , G' 1 ,G' 2 II C) and {S{Z' , Z")}z>> ec-config add up to zero. 

We will proceed by induction on the weight of G. Namely we assume that if a semistable graph 
H e G ss is connected but not strongly connected and the weight of H is less than the weight of G, 
then z{H) = (cf. Corollary EM ■ 

First we assume G' 2 — 0. By Lemma 15. 8[ the contribution to z(G) from the G-configuration 
Z = (L', G[,C) is 

(-iy(z')+i |Aut(G)| 



z(G'x)z(c} 



\Ant f (Z')\ |Aut/(C)| 



(59) -z(C') { - 1)liZ ' )+1 V (-l) <( *" )+ \JAut(G)| 



lAut/^OI ^ £ ^ onfig |Aut(Z")| |Au t/ (G)|- 
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(60) 



The contribution to z(G) from the set of G-configurations {S(Z',Z")}z"ec-con&g is 

1 ^ t_iy(z')+i(z")+i 



z(G[) 



\Aut f (Z' 



E 



Z" EC-config 

z'Up(z")£S(z',z") 



\AuU(p(Z»))\ 



We now show that the contributions to z{G) in 
prove that for any Z" £ C-config 

1 |Aut(C)| 



59|) and (|60|) add up to zero, namely we need to 



(61) 



|Aut(Z")| |Aut/(C)| 



E 

z>Up(Z")es{Z',z>>) 



\Aut f (p(Z»))\- 



This can be seen as follows: Denote by H the set of all possible distributions of the labeled heads of 
<3i, 1 < i < k on C. Note that some of these may have the same head on G. It is obvious that H is 
in one-to-one correspondence with Aut(C)/Aut/(C). 

We have the natural action of Aut(Z") on H, then the set of orbits is just S(Z',Z") and the 
isotropy group at Z = Z']Jp{Z") e S(Z',Z") is just Aut/(p(Z")). 

If G' 2 and G' 2 is connected with a tail of some ei ,then the contribution to z(G) from the 
G-configurations (L 1 , G' X ,G 2 + C) is zero by induction and all configurations in {S(Z', Z")}z» ec-config 
are not allowed. So we may assume that there are no edges between G' 2 and G, then we have the 
same cancellation by Proposition 16. II Note that G' 2 + C denote the induced subgraph whose vertices 



are the union of vertices of G' 2 and G. 



If Aut(G) 7^ Aut^(G), the above argument still works with appropriate modifications. 



□ 

Remark 6.3. We will give an alternative proof of Proposition 16.21 in [38] . As pointed out by the 
referee, Proposition 16.21 should also follow from the path integral formula by Douglas and Klevtsov 

M- 

Corollary 6.4. 

Proof. Given any stable graph H £ Q, if we apply Lemma [2.51 to each vertices of H, we get a sum 
of semistable graphs of the same weight. Moreover, it is not difficult to see that if H is strongly 
connected, all these semistable graphs are also strongly connected. So we conclude the proof. □ 

Example 6.5. Let us illustrate the above proof by considering the following semistalbe graph G in 
Figure [51 which is only weakly connected. Let G be its unique sink and G' be its unique source. Then 



If G £ G ss is connected but not strongly connected, then z(G) = 0. 




Figure 8. A semistable graph G £ G ss (6) 

we have |Aut(G)| = 3 and |Aut/(G)| = 1. For all G-configurations, we can check that the two sides 
of the equation (jBTj) match, their values are listed in Table [2] 

Table 2. G-configurations 



\. L" 





[1] 


[I 2 ] 


[I 3 ] 


[3] 





1 


3 


3 


1 


1 


[1] 


1 


3 


3 


1 


1 


[2] 


1 


3 


3 


1 


1 



The following theorem is called the coefficient theorem (see Theorem 1.2 in [TT]) from the spectral 
graph theory. 
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Theorem 6.6. Let -Pg(A) = A" + CxA™ 1 + • • • + c„ be the characteristic polynomial of a digraph G 
with n vertices. Then for each i = 1, . . . , n, 

ci = £(-ir (i) , 

Led 

where Ci is the set of all linear directed subgraphs L of G with exactly i vertices; p(L) denotes the 
number of components of L. 

Proposition 6.7. If G = (V,E) E Q ss is strongly connected, then 

Proof. Let C be the set of all linear directed subgraphs of G. We have the natural action of Aut(G) 
on C, given by h ■ L = h(L) for h € Aut(G), L E C. From our discussion at the end of Section [5l the 
orbits of this action are just Cj ~ and the isotropy group at L E C is just Autc(i)- By Theorem 
and Lemma 15. 9i we have 

n 

det(I-A) = l + J2 c i= (-l) p(i) |Aut(G) -L\ 

(-l)p(i) 



|Aut(G)| 



L , „ |Aut G (L)| 

= |Aut(G)|(-l)l y l +1 ^(G), 
which is just the equation (|62p . □ 

Corollary 6.8. If G E Q ss is strongly connected, then z(G) = if and only if 1 is an eigenvalue of 
the characteristic polynomial of G. 



Proof. It follows from Proposition 16.71 □ 

Propositions 16.11 16.21 and 16.71 together imply Theorem 11.21 
Proposition 6.9. If G =(k), the digraph with one vertex and k>2 self-loops, we have 

(63) Z (G) = _^1. 

Proof. It follows from Lemma l4~3l or Proposition 16.71 □ 

i 

Proposition 6.10. Let G = @)^__^,@ be a strongly connected stable graph with two vertices, namely 

j 

ij 7^ 0. Then we have 

ij — (1 — m)(l — n) 



(64) z(G) 



2 • m! n\ i\ j\ 
ij - (1 - m)(l - n) 

otherwise 



if i = j and m = n; 



to! n\ il j\ 



Proof. The formula follows from Proposition 16. 71 □ 

Example 6.11. Fix a normal coordinate around x E M. By Proposition ^. 91 we get the well known 

, , 1 r _ n 1 1 1 

(65) ai = -- |_(2)J = --gfifj = -Riij] = -p, 

where (i,i), are paired indices to be contracted. 

By Proposition 16. 9[ Proposition ^. 101 and Proposition 16. 11 we have 



(66) a 2 = -\ [(§)] + \ 





3 


2 




+ 8 


o o 
2 



1 
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Written in terms of derivatives of the Kahler metric g^, we get 

(R-7\ 1 j. 1 ^ 3 J. 1 

\°< ) a,2 — —-^9ujjkk "+" 29uki9jjik "+" g9ijki9jiik + g9iijj9kkll- 

It is understood that (i,i), (k,k), (1,1) are paired indices to be contracted. 

Apply the operator D (defined in Remark |2.2|) to the right-hand side of (|67P and use the identities 

D (9f]ki) = - R i]kh 

^\9iijjhfe) -^iijjikk -^kisj-^ikjs ^jj si^kkis ^iisj^kkjs 

= -Ap+\R\ 2 + 2\Rtc\ 2 , 

we arrived at 

(68) a 2 = l -A P+ ^\R\ 2 - \\R lc \ 2 + \p 2 , 

which is the same as the function a%(x) computed in |23j . We computed in Appendix IA1 and we 
can use tables at Appendix iBl to compute 04. 



7. Computations of z(G) 
In this section, we derive some explicit formulae of z(G) . 



2 ^°^ 2 i^®^. 1 

o< >o ® ® 

2/ \ 2 if, ,\l ij \l 



A \ r B \ ' C 

" ® " ® 



o 00 o 

2\ /I l\ 1 f\ 

o — s- o o < > o ...... 

2 1 



®T® 

Figure 9. Three types of stable graphs in Q n ,2n 

Proposition 7.1. Given n > 3, /or £/ie i/iree graphs in Figured we have 

(-l) n (2 n - 1) 



Z ( An 



2 n n 



2n ^ v ' ^ Aut(H) 

'0, n = 

» S±1 mod6, 
3(-l) n /(2n), n = ±2 

2(-l) n /n, n = 3 
(-1)" 



-Here denote the set of 2-colored undirected cycle graphs with i black vertices and j white vertices 
and Aut(H) is the group of color-preserving automorphisms. Note the first equation for z(B n ) holds 
only when n > 5. 
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Proof. Now we will compute z(G) for G — A ni B ni C n . Since these graphs are strongly connected, 
all G-configurations are simply linear subgraphs L of G. Two linear subgraphs L\ and L2 define the 
same G-configuration if there is an automorphism tp of G such that f(Li) = Li- 

i) When G = A n , it is easy to see that there are only two ^-configurations given by empty graph 
and a n-cycle [n], respectively. By (|56j) . we have 

(_!)«+! (_!)« (-1)" 



|Aut(AOI |AuU n ([n])| 2 n n n 

_ (-l)"(2 n - 1) 



2 n n 

ii) When G = B n , the contribution to z(B n ) by empty graph is 

_ (-1)"+! 

Aut(S„) ~ 2^ ' 

where Aut(i3„) is the dihedral group. 

The contribution to z(B n ) by a n-cycle [n] is 

(-1)" (-1)" 



|Aut B „([n])| n 
All other ^-configurations are given by disjoint cycles of length two 

[2*], 0<*<[n/2], 

which are in one-to-one correspondence with the set %?i iT1 -2i consisting of 2-colored undirected cycle 
graphs with i black vertices and n — 2i white vertices. Their contributions to z(B n ) are equal to 

where Aut(iJ) is the group of color-preserving automorphism. Summing up, we get the first equation 
for z(B>n). The second equation follows from a computation of dct(7 — A(B n )). 

iii) When G = C n , we use det(I - A{C n )) = -1. □ 

Proposition 7.2. Let n, m > 2. 

i) Let K n be the complete digraph with n vertices and every pair of vertices is an edge, including 
a loop at each vertex. Namely every entry of the adjacency matrix of K n is 1 . Then 

z(K n ) = (-l) n (n-l)/nl 

ii) Let D n be the de Bruijn graph of degree n. The graph D n has 2 n ~ 1 vertices, which are the 
sequences of 's and 1 's with length n — l. There is an edge from a\02 ■ ■ ■ a n —\ tob\bi ■ ■ ■ &n-l 
if and only if 020,3 . . . a n _i = 6162 • • • &n-2- Then 

z{D n ) = 1/2. 

iii) Let K mn (Vi, V2) be the complete bipartite digraph with \V\\ = m, |V^| = n. Every vertex in V% 
has an arrow to every vertex in V% and vice versa. Then 

(K \- mU Z 1 

(1 + o m ,„)m!n! 

where S m . n = if m ^ n and S n , n = 1. 

Proof. First note that K n £ G(n 2 — n), D n 6 Q(2 n ^ 1 ) and K m n € Q(2mn — m — n) all are strongly 
connected digraphs. It is well-known that their characteristic polynomials are respectively given by 

(69) det(XI-A(K n )) = X n - 1 (X-n), 

(70) det(AJ - A(D n )) = A 2 "" 1 " 1 ^ - 2), 

(71) det(A7 - A{K m . n )) = (_i)™+™ A m +"- 2 (A 2 - mn). 
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We also have |Aut(K n )| = nl, \Ant(D n )\ = 2 and |Aut(Jf mjn )| = (1 + <5 TOi „)m!n!, we conclude the 
proof by Proposition 16. 71 □ 

Remark 7.3. The computation of z(G) is reduced to study the spectra and the automorphism group 
of G. A detailed study of the spectral properties of graphs can be found at [TT], which also contains 
a chapter on the relations between spectra of a graph and its automorphism group. 

Let U be the unit ball of and gq is the Bergman metric on it, 

(72) a-Az) (1 = |Z|2) ^' + 33 

we know that U is a normal coordinate with center for gq and the curvature is constant 

(73) R i]kl = - (9ij9kl + 9u9kj)- 
The weighted reproducing kernel for (U^gq) is 



(74) ^ W = _^^ (1 _ WV . 



T{fi- 

We know that Kp{z) has an asymptotic expansion [3) fT5] 

oo 

(75) Kp(z) = WirfePW £ a k (z)r\ 

k=0 

where a,k(z) is the /c-th coefficient of Tian-Yau-Zclditch expansion and the potential $(z) is given by 
$(z) = -log(l-|z| 2 ). 

So in the case of unit ball equipped with the Bergman metric, afe equals the polynomial 

(76) P k = ]T Hi)- ■•(-**)• 

l<il<i2<---<U-<A f 



In particular, 



p _ N 2 N _ N 4 N 3 N 2 N 



Lemma 7.4. Let gq be the Bergman metric on the unit ball U ofC N . Then ff$ aiaa ... Or (0) is nonzero 
only if the number of barred and unbarred indices in {a%, ct2, . . . , a r } are equal. In this case, we have 

(77) ft 1 Ji< a i a ...i*i*(°) = ( fc - !) ! S ^.w^w • ••S , iu. (fe) (°)- 

Proof. The first assertion can be proved by an induction. Let us prove ([77)1 . By and ([75)1 . on t/ 
we have 

(78) 9i\h%in — 9i 1 j 1 9i 2 ] 2 + 9i 1 ] 2 9i 2 ji + .9 9mj 1 3 2 9iiM 2 - 

As we have discussed in Section [21 both sides of the above equation may be represented by trees with 
half-edges and taking partial derivatives may be regarded as the action of half-edges on trees. 

Let us look at the coefficients of fl'i 1 j 1 fl , i 2 j 2 ■ • -9i k J k after taking partial derivatives d i3 j 3 ..,i k l k to the 
right-hand side of ([75)1 . In fact, all contributions come from taking paired derivatives c\ 3 j 3 . . . d ik j k 
consecutively to the first term in the right-hand side of ([75)1 . The coefficient is easily seen to be 
2-3"-(Jfe-l) = (Jfe-l)!. □ 

A cycle decomposition of a digraph G is a partition of the edges of G into edge-disjoint cycles (i.e. 
closed directed paths having no common edge). Let % denote the set of all cycle decomposition of 
G. It is well known that G admits a cycle decomposition if and only if it deg + (u) = deg - (i>) for each 
vertex v of G. 
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Proposition 7.5. Given k > 1, we have 

(79) E H n(G) ^fG)T II ( de S» ~ D' E NPiH) = 

GeG(k) 1 1 vev He^c 

where v runs over all vertices of G, n(G) is the number of components of G and p(H) is the number 
of cycles in the cycle decomposition H € . The graph G in the left-hand side need only run over 
all balanced graphs. 



Proof. From au = Pk and Lemma \7 A\ we have 

(80) £ z(G) J] (deg» - 1)! £ = P k . 

GeG(k) vev HeV G 

Note that if G € Q is a disjoint union of connected subgraphs G = G\ U • •• U G n , then by Theorem 
11.21 we have 

^ _ f ( ~ 1 |Aut C (G^~ J) ' if a11 G * are strongly connected; 

1 0, otherwise. 

So we get the desired formula. □ 
Corollary 7.6. The leading term of the polynomial P^ is ^"fc! N 2k . 

Proof. It follows from Proposition 16.11 and Proposition 16.91 □ 

Let G be a digraph. An Euler tour is a directed closed path in G which visits each edge exactly 
once. As a generalization of the "Seven Bridges of Konigsberg" problem, Euler showed that G has an 
Euler tour if and only if G is connected and deg + (w) = deg~(i>) at every vertex v. We denote by e(G) 
the number of Euler tours in G starting with a fixed edge. 

Corollary 7.7. Given k > 1. we have 

(82) J2 < G ) ■ ■ II ( de S» - !) ! = ^k~~ Bk > 

Gee(fc) vev 

where B k is the k-th Bernoulli number: Bq = 1,-Bi = —1/2, B2 = 1/6, B3 = 0. 

Proof. Using Barnes' asymptotic formula for T functions, we have the following equality of power 
series (cf. [T3] ) 

00 

(83) J2 Pkxk = &xp(qiX + q 2 X 2 + ...), 

fc=0 

where qi,q 2 , ■ ■ ■ are polynomials in N, 

,84, ( , ) ._L_g ( _ 1) .«(^') B ,„ J+ .-.. 

Note the left-hand side of (|82|) is the coefficient of iV in a^, which is equal to the coefficient of N 

(-i) k+1 

in qk- The latter is just i — ^ — B k . □ 

It is interesting to note that the factor Iluev (deg + (v) — 1)! also appears in the formula (cf. [3H 
p.56]) 

e(G)=r(G)l[(deg + (v)-l)l 

vev 

where r(G) is the number of oriented spanning subtrees of G with a fixed root. An oriented tree T 
with a root v means that the underlying undirected graph is a tree and all arrows in T point toward 
v. 
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Let us check (JS5J. When k = 1 and k = 2, by dHSJ) and dHEJ) , the left-hand side of O respectively 
equals to 

-i-i. ! = = 

2 2 

-i. 2- 2 + i.L l + L 2 .l = -i = =*. 
3 2 8 12 2 

When fc = 3, by (|87l) in Appendix [A] we have 

Z4-l-l + z 5 -2-l + z 6 -l-l + Z7-3-l + z 9 -2-2 

#3 

+zio • 4 • 2 + zi4 • 6 • 6 + 2i5 • 4 • 1 = = — -. 

O 



Appendix A. Computations of a 3 
We will express a 3 in terms of the following basis as used by Englis [IB] . 

(7i = p 3 , cr 2 = pRijRji, 0-3 = pRfjkiRfiiki 

°4 = RfjRklRjilki a 5 — Rfj RkilmRjkmh CT 6 = RfjRjkRkii 
°7 = RijklRfimnRlknfh-i °8 = °9 = RfjRji;kk~i 

ClO = RijklRfilk-mrm CT H = CT 12 = Rfj-kRfl-ki 

(713 = RijkT-,mRjilk-,m: cr 14 — A /3, (T15 = Rj^^iRjfnlnR m ink- 

We will compute the coefficients c,;, 1 < i < 15, such that 
(85) a 3 = cicri + c 2 (72 + • • • + C15C15. 

There are 15 stable graphs of weight 3 in £7(3). 
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T 4 = 



T7 



TlO = 



(I) CD. 

o ^_J_^_ o 
1 



2 



'A 

o _ o 

2 



T"3 



Til = 



Tg 



o o 
2 

' CD " 

/\ 



1 



T12 = 



2 



T13 



o o 

2 



714 - (4 



Tl5 



O 

2 / \ 2 



By Proposition [nUl Proposition l6.10l and Proposition 16. 11 we have 



lo 



(86) 
where 

(87) 



0,3 



= ^ z(n)Ti = Z\T\ + Z 2 T 2 H h 215715) 



zi = -1/48, z 2 = -1/4, z 3 = -3/16, z 4 = 0, z 5 = -1, 
z 6 = -1/3, z 7 = -2/3, z 8 = 1/6, = 1/2, zio = 1, 
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z n =0, * 12 = 1, «i3 = 5/12, z u = -l/8, z 16 = -7/24. 

We need to express each r, as a linear combination of crj, 1 < i < 15. By a standard computation 
as in Example 16.111 we get 

n = -(Ti, 1 < i < 7, 

T 8 = -2(7 2 - (7 3 + (7g, Tg = — (7 4 — (7 5 — (7 6 + &9, Ti = — 2(T 5 + (Ti — CT15 , 

(88) Til = (Til, Ti2=Ci2, T"13 = 0"13j 

TU = -3(74 - 12(T 5 - 3(7 6 + 6(77 + 7(7g + 8(710 + 10(712 + 3(7l 3 - (7l4 — 6(7l 5 , 

T"15 = — Cl5- 

The only nontrivial computation is for T14. By (|11[) , we have 

(89) T14 = giijjkkU — —dkkll^iijj + dkkll {g mn 9mTj9inj) ■ 

So T14 follows from a tedious but straightforward computation that 

-d k kllRiifj = -3(74 - 6(7 5 - 3(7 6 + 6(7 7 + 7(7 9 + 4(710 + 8(712 - (714 - 4(7l 5 , 
dfcM (g mn g m rj9inj) = -6C5 + 4(7i + 2(7i2 + 3(7i3 - 2(7i 5 . 

Substituting (|88|) into ([86| . we can get the coefhcients in ((55)1. 

ci = 1/48, c 2 = -1/12, c 3 = 1/48, c 4 - -1/8, c 5 = 0, 

c 6 = 5/24, c 7 = -l/12, c 8 = l/6, c 9 = -3/8, ci = 0, 

en = 0, cia = -1/4, ci3 = 1/24, ci 4 = 1/8, Cig = 1/24. 

These results agree with the computations by Englis [15] . Note that our convention of curvatures 
Rfjkh R-ij ! P m Section [2] all differ by a minus sign with that of |15) . 

Appendix B. Tables of z(G) for G e 5(4) 

By Proposition [6J] and Corollary 16. 4[ we need only list z{G) for the 51 strongly connected stable 
graphs in the following three tables. Note that if G has n vertices with the adjacency matrix A, then 

(90) |Aut(G)|= J| A i A-#{yeS n \A v{i)tV{ j ) =A ij ,Vl<i,j<n}, 
where S n is the symmetric group of n elements. 
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3 


© 






o o 




o o 




2 


2 


2 


3 


3 


-1/30 


5/8 


1/2 


7/48 


1/2 


1/9 


l 


l 




2 


2 


1 






3 










> ~2 






2 


i 


1/6 


1/2 


1/2 


1/2 


1/2 
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